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ABSTRACT 

Seve ra l  complementary a spec t s  of c u r r e n t  conduction i n  mul t i -  

component weakly ionized gases a r e  cons idered ,  The f i r s t  of t hese  i s  

a sys temat ic  g e n e r a l i z a t i o n  of the ion  c u r r e n t  d e n s i t i e s  i n  e s s e n t i a l l y  

a power series i n  the  ion  t o  n e u t r a l  concen t r a t ion  r a t i o s  der ived  from 

multicomponent k i n e t i c  theory arguments. The usua l  d e f i n i t i o n  of ion  

mob i l i t y  i s  shown t o  be a func t ion  of t hese  r a t i o s  and lacks  uniqueness 

near  t he  system e l e c t r o d e s  i f  the  f i r s t  order terms are r e t a i n e d .  A 

consequence of t h i s  r e s u l t  i s  t h a t  t he  usua l  experimental  assumption 

t h a t  t he  r a t i o  of t he  ion  b inary  d i f f u s i o n  c o e f f i c i e n t  t o  i t s  mob i l i t y  

i s  a func t ion  of the  system temperature i s  shown t o  be v a l i d  only i n  

r e g i o n s  of n e g l i g i b l e  space charge and vanish ing  ion  concen t r a t ions .  

The second r e s u l t  i s  a numerical  s tudy  of a simple four-component 

system showing t h e  development of i on  shea ths  near t he  e l e c t r o d e s  as 

a func t ion  of both i o n i z a t i o n  i n t e n s i t y  and e l e c t r o n  at tachment  

frequency. 

i n  t h e  e x t e r n a l  c i r c u i t  as a func t ion  of t he  l a t t e r  parameter f o r  

f ixed  i o n i z a t i o n  i n t e n s i t y  suggests  a p o s s i b l e  de te rmina t ion  of t h e  

A p l o t  of the  r a t i o  of e l e c t r o n  t o  nega t ive  ion  c u r r e n t  

a t tachment  process  i n  oxygen as a func t ion  of i on iza t io r .  dens i ty .  

- - - - -  
* This  r e s e a r c h  w a s  c a r r i e d  out  under Grant NsG-275-62 from the  

Nat iona l  Aeronaut ics  and Space Adminis t ra t ion.  



SOME ASPECTS OF WEAKLY CONDUCTING, I O N I Z E D  GASES 

In t roduc t ion  

Simple t h e o r i e s  of c u r r e n t  t r a n s p o r t  o f t e n  s u f f i c e  as 

foundat ion fo r  the  ana lyses  of many experiments i n  gaseous 

a 

e l e c t r o n i c s  , i 
and for  t h e  i n t e r p r e t a t i o n  of ion chamber phenomena. However, t h e  

sys temat ic  ex tens ion  of t he  conguction equat ions  t o  inc lude  space 

charge e f f e c t s t  near t he  e l ec t rodes  as w e l l  as c e r t a i n  o ther  

phenomena, r e q u i r e s  a more general  a n a l y s i s  t o  inc lude  ion  concen- 

t r a t i o n  dependence and an appropr ia te  g e n e r a l i z a t i o n  of t h e  d i f f u s i o n  

c o e f f i c i e n t s .  General ly  speaking, t he  added information obtained 

from such extended t rea tments  would d e a l  p r imar i ly  wi th  the  i o n  

d e n s i t y  p r o f i l e s  occur r ing  near t h e  e l e c t r o d e s .  These r eg ions  of 

pronounced charge imbalance, a r e  o f t e n  r e f e r r e d  t o  as p o l a r i z a t i o n  

or  "sheath" e f f e c t s ,  and served t o  modify c u r r e n t  flow i n  the  system 

more or  less profoundly depending on the  degree of i o n i z a t i o n .  

P a r t i c u l a r l y  i n  the  case  of a Townsend d ischarge ,  where ion  

m u l t i p l i c a t i o n  occurs  i n  the  e l ec t rode  shea ths ,  t he  e x t e n t  and 

na tu re  of t hese  r eg ions  has  an  important bear ing  on t h e  subsequent 

c u r r e n t  and t h e  use fu lness  of general ized conduction equat ions  i s  

apparent .  

It i s  a l s o  t r u e  t h a t  the l o c a l  e l e c t r i c  f i e l d  i n  the  i n t e r -  

e l e c t r o d e  space i s  "shaped" by the na tu re  of chemical r e a c t i o n s  

a f f e c t i n g  the  number and mobi l i ty  of t he  ions  on t h e i r  course t o  

t h e  e l e c t r o d e s .  While i t  is  t r u e  t h a t  t he  genera l ized  c u r r e n t  

express ions  are needed as described above, u s e f u l  s emiquan t i t a t ive  
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r e s u l t s  may be obtained w i t h  the  usua l  assumption t h a t  t h e  m o b i l i t i e s  

of t he  var ious  ions a r e  independent of i on  concen t r a t ions .  A s p e c i a l  

case of a sys tem of t h i s  type w i l l  be analyzed i n  t h i s  paper ;  namely, 

one wi th  th ree  charged spec ie s  where the  nega t ive  ions  are formed by 

attachment o f  f r e e  e l e c t r o n s  t o  the  n e u t r a l  molecules. It happens 

t h a t  t he  charge conserva t ion  f e a t u r e  of t h i s  problem cons iderably  

s i m p l i f i e s  i t s  mathematical  s t r u c t u r e ,  bu t  t he  ch ief  r eason  fo r  i t s  

cons ide ra t ion  i s  t h a t  i t  a l s o  r e p r e s e n t s  a technique fo r  t he  

experimental  measurement of e l e c t r o n  at tachment  c o e f f i c i e n t s .  

o f t e n  happens i n  the  l a t t e r  case, t h e  e l e c t r o n / i o n  space charge 

e f f e c t s  a r e  ignored and c u r r e n t  flows i n  response t o  e x t e r n a l l y  

As 

appl ied  f i e l d s  only,  C e r t a i n l y  under the  experimental  cond i t ions  

chosen (cur ren ts  measured i n  picoamperes) such an  assumption i s  

j u s t i f i e d .  

i n t e n s e l y  ionized systems demand a d d i t i o n a l  knowledge of the  l a t t e r  

c o e f f i c i e n t ' s  possibde concen t r a t ion  dependence, and t h e r e f o r e  the  

model developed i n  t h e  l a t t e r  p a r t  of t h i s  paper w i l l  be of i n t e r e s t .  

But many a p p l i c a t i o n s  of e l e c t r o n  attachment i n  more 

Generalized Charge Transport  

A s  i s  w e l l  known, the  c u r r e n t  flow between e l e c t r o d e s  i n  an  

ion ized  gas may be treated t o  a h igh  degree of p r e c i s i o n  by means 

of the  multicomponent f l u i d  dynamic equat ions  desc r ib ing  conserva t ion  

of i on  spec ies ,  f l u i d  momentum and energy, and Maxwell's equat ions  

f o r  t he  assoc ia ted  e lec t romagnet ic  f i e l d .  Two c o n s t i t u i t i v e  equat ions  
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are needed t o  complete the  f l u i d  d e s c r i p t i o n ;  an equat ion  of s ta te  

f o r  t he  gas and the  func t iona l  f o r m  of the  ion  cu r ren t  d e n s i t i e s .  

Th i s  i n t r a c t a b l e  s e t  of equat ions can be s impl i f i ed  by a number of 

approximations.  For systems considered "weakly ionized" ( ion  

d e n s i t i e s  l e s s  than  10 n e u t r a l  spec ie s  d e n s i t y ) ,  and wi th  average 

e l e c t r i c  f i e l d s  less than  the  Townsend threshold ,  it i s  o f t e n  

-5 

p o s s i b l e  t o  ignore h e a t  and momentum t r a n s p o r t ,  s e l f -gene ra t ed  

magnetic f i e l d s  and chemical r e a c t i o n s  among the  ions .  T ime  dependent 

problems sometimes may be f u r t h e r  l i n e a r i z e d  i n  the  e l e c t r i c  f i e l d  and 

t r e a t e d  a n a l y t i c a l  ly . (') 
s t e a d y  s ta te  i n  the  weak i o n i z a t i o n  l i m i t .  I n  t h i s  case the  r e l e v a n t  

d e s c r i p t i v e  v a r i a b l e s  a r e ;  the  s e t  of a l l  number d e n s i t i e s ,  ni ; 

t h e  average component v e l o c i t i e s ,  vi , t he  s c a l a r  pressure ,  p ; 

t h e  charge dens i ty ,  ; and t h e  e l e c t r i c  f i e l d ,  E . The appl ied  

vo l t age ,  i o n i z a t i o n  source,  and temperature then  appear as parameters  

i n  t h e  go lu t ion  t o  the  combined f i e l d  and c o n t i n u i t y  equat ions  fo r  

t h e  system. 

Our present  cons ide ra t ion  w i l l  cover t he  

- 

e 

Consider an N component sys t em c o n s i s t i n g  of a n e u t r a l  

component ("l"), and N - 1  ionized spec ie s  contained i n  a vessel of 

volume, v , wi th  two e l ec t rodes  as p a r t  of the w a l l s .  The gas i s  

maintained a t  a f ixed  temperature, T , and the  e x t e r n a l  i o n i z a t i o n  

source uniformly i l l umina te s  t h e  gas between the  e l e c t r o d e s ,  

maintained a t  a p o t e n t i a l  d i f f e rence ,  

source.  The c u r r e n t  d e n s i t y  f o r  t he  i - t h  spec ie s  i s  then  def ined  as ;  

by a cons t an t  vo l t age  vo ' 
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- 
= n e V  i = 2,..,N 

-1 j. i i- 

where e = +Z.e i s  the  charge of the  i - t h  ion,  a d  the  t o t a l  

c u r r e n t  dens i ty  i s  the  sum; 

i - 1  

- j = f j .  -1 

i=2  

The motion o f  the gas as a whole i s  given by the  mass average or 

N stream v e l o c i t y ;  
- 7 m n v .  N 

-1 , i i l  
+ i l l  = I: 1 min2i  ( 3 )  
N v =  

-0 
i= 1 

where F-' i s  the  mass weighted s p e c i f i c  volume. F i n a l l y  t h e  t o t a l  

number and charge d e n s i t i e s  a r e  def ined by;  

N 

n = r  n i  
i= 1 

and 

( 4 )  

0 
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I n  t h e  absence of turbulence,  the lack  o f  any macroscopic magnetic 

f i e l d s  i s  a necessary  and s u f f i c i e n t  cond i t ion  t h a t  t h e  mass average 

v e l o c i t y  be i r r o t a t i o n a l .  Therefore t h e  f l u i d  momentum conserva t ion  

may be w r i t t e n  as :  

i n  the  s teady  s ta te .  Except f o r  mass average v e l o c i t i e s  approaching 

2 t h e  l o c a l  speed of sound i n  t h e  system, t h e  term i n  grad 4 vo 
t h e  l e f t  of t he  above equat ion  ( the  so -ca l l ed  " ine r t i a l  t e r m " )  may 

on 

be dropped, as i t  i s  very  small. Now eq. 6 ,  t h e  spec ie s  c o n t i n u i t y  

equat ions,  t h e  p e r f e c t  gas law; 

p = nkT (7) 

and a func t iona l  form of t h e  cu r ren t  d e n s i t i e s ,  eq. 1, provide a 

c o n s i s t e n t  mathematical  d e s c r i p t i o n  i n  terms of t he  macroscopic 

v a r i a b l e s  p rev ious ly  given. 

I n  most s t u d i e s ,  t h e  ion  cu r ren t  d e n s i t i e s  are assumed l i n e a r  

i n  g rad ien t s  of t h e  ion  concent ra t ions ,  t he  p re s su re  and the  

e l ec t r i c  f i e l d .  This  choice can  be shown t o  be v a l i d  by t h e  genera l  

ar gument s of irr ever  s i b  l e  thermodynamics (2 )  or the  d e  t a i  led  ana l y s  i s  

of t h e  multi-component k i n e t i c  theory of gases(3) ,  provided t h e  

system i s  not  f a r  from equi l ibr ium. Af te r  e l i m i n a t i o n  of p re s su re  

in, favor of t h e  number d e n s i t y  and temperature  by means of t h e  



equat ion  of state, the, above arguments hold t h a t ;  

i s  the  d r iv ing  force  a c t i n g  on a f l u i d  element of t he  i - t h  component 

of t h e  system, where the  form has been chosen such t h a t ;  

N 
\- L, g i = 0  

i=l 

This  c o n s t r a i n t  fol luws from t&e requirement t h a t  t he  motion occurr ing  

from eq. 9 be r e l a t i v e  t o  t h e  center  of mass of t h e  system. Therefore  

t h e  d r iven  c u r r e n t  d e n s i t i e s  are l i n e a r  i n  t h e  genera l ized  f o r c e s ;  

w 
2 

j, = ( t ~  e i / f ) F  m j D i j d j  + e . n . 1  1 1 0  ; i = 2 , " ' , N  (10) 
d -1 

and 

N 
- 

n 1-1 v = (n2/  )c  m j D l j d j  + n l o  (11) 
j=1 

The c o e f f i c i e n t s ,  

t he  multicomponent d i f f u s i o n  c o e f f i c i e n t s  and a r e  d iscussed  i n  d e t a i l  

D i j  , i n  the  above equat ions  a r e  r e f e r r e d  t o  as 

e l s e ~ h e r e ' ~ ) .  From the  d e f i n i t i o n  of t h e  mass average v e l o c i t y  and 

t h e  cu r ren t  d e n s i t i e s ,  i t  fol lows t h a t  t hese  c o e f f i c i e n t s  are no t  
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a l l  independent, bu t  t h a t ;  

, N  
e . .  = 0 ; j=1, 

i=l 

I n  accordance wi th  the  r e fe rence  given above, the independence may 

be r e s t o r e d  t o  the  d e s c r i p t i o n  provided the  choice 

a r b i t r a r i l y  made. 

Dii = 0 is  

I n  the  case of a two component system, i t  fol lows 

from the  d e f i n i t i o n  of t hese  q u a n t i t i e s  t h a t  they  reduce i d e n t i c a l l y  

t o  the  usua l  b ina ry  d i f f u s i o n  c o e f f i c i e n t s .  ~ 

The system of equat ions  given i n  eqs.10 and 11 are inadequate  

t o  s p e c i f y  the  var ious  cu r ren t  d e n s i t i e s  and the  n e u t r a l  component 

average v e l o c i t y  uniquely.  Addit ional  information must be suppl ied  

by i n t e g r a t i o n  of one c o n t i n u i t y  equat ion  fo r  any component or by 

i n t e g r a t i o n  of the c o n t i n u i t y  equat ion  f o r  t he  f l u i d  as a whole. 

Under most circumstances,  the  e l ec t rodes  merely d ischarge  ions  and 

accept  e l e c t r o n s ,  and s i n c e  the system wal l s  a r e  impenetrable,  mass 

i s  conserved and; 

0 

For laminar flow, v may be w r i t t e n  as the  g rad ien t  of a s c a l a r ,  

which i n  t u r n  i s  harmonic i n  t h e  volume, Therefore ,  v i s  

a cons t an t  i n  magnitude everywhere. The choice  of t h i s  cons t an t  i s  

e s t a b l i s h e d  by the  fol lowing cons ide ra t ions ;  

-0 

-0 ’ 
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a)  

b )  a l l  charged ion  d e n s i t i e s  a r e  zero  a t  the  e l e c t r o d e  of 

a l l  spec ie  v e l o c i t i e s  are f i n i t e  throughout t h e  volume, 

the same s ign .  

Let a l l  the p o s i t i v e  ions be l abe l l ed  wi th  ind ices  k i n  t h e  range,  

[24&sr)  and a l l  negat ive ions  be s i m i l a r l y  l a b e l l e d  wi th  k i n  the  

range ( r 4 i i  k C N-1 ) . I f  f r e e  e l e c t r o n s  a r e  p re sen t ,  w e  s h a l l  

a s s i g n  them t h e  index 

negat ive  p l a t e  appear 

N . A l l  p o s i t i v e  ions  discharged a t  the  

as n e u t r a l  molecules,  t h e r e f o r e ;  

and l ikewise a t  the  p o s i t i v e  p l a t e ;  

are s to i ch idmet r i c  c o e f f i c i e n t s  ( i . e .  , 26-4  02+2e, d =2) OCkJ Pk where 

which a r e  h e r a f t e r  taken as 1 without  q u a l i t a t i v e l y  a f f e c t i n g  t h e  

arguments. % = (ml-Zkme), and 

t h a t  of  the nega t ive  ions  i s  (m +Z m ), where the index k belongs 1 k e  

i n  t h e  range appropr ia te  t o  e i t h e r  t h e  nega t ive  or p o s i t i v e  ions .  

Hence a t  the e l ec t rodes ,  we f i n d  t h a t  t he  ( cons t an t )  mass f l u x  i s ;  

The mass of the  p o s i t i v e  ions  i s  



or  i f  each ion  carries u n i t  charge; 

9 

- M = m n v  e 1 - I  1 neg - - - 1  
' e l e c  tr ode e l e c t r o d e  

E i the r  of these  two equat ions  shows t h a t  the cons t an t  mass f lux ,  & , 
i s  f i r s t  order i n  m and the re fo re  v i s  of order  (me/ml) . A 

good approximation then  i s  t o  r ep lace  the set  of equat ions ,  eq. 10, 

and eq. 11, by the  s e t ;  

e -0 

N 

j =1 

and 

N 
\cI 

i = 2  

which were obtained from eqs.  10, 11, and 3 by dropping 1 from 

eq. 10, and e l i m i n a t i n g  eq. 11 i n  favor  of eq.  3 wi th  v s e t  t o  

zero .  The s u p e r s c r i p t s  were added t o  the  above t o  i n d i c a t e  t h i s  

0 

-0 

approximation. I t e r a t i o n  on eqs .  18 and 19 i s  e a s i l y  accomplished 

by i n s e r t i o n  of eq. 19 i n t o  eq.  1 7  ( fo r  s i n g l y  charged i o n s ) ,  then  

a r e -e s t ima t ion  of t he  c u r r e n t  d e n s i t i e s  eqs .  10 and 11, e t c .  

The l a t t e r  are then  expressed as a s e r i e s  expansion i n  e s s e n t i a l l y  

powers of the  r a t i o  of e l e c t r o n  t o  i o n  mass. 

Considerable  s impl i ca t ion  of t h e  genera l ized  fo rce  terms, eq.  8, 



may be obtained by use of the  mechanical equ i l ib r ium expression,  eq.  6 ,  

a f t e r  dropping the  l e f t  hand i n e r t i a l  t e r m .  The approximate c u r r e n t  

d e n s i t i e s  (or the  genera l  form, eq. 10) became: 

j=1 

The Kronecker g$ ' have been i n s e r t e d  i n t o  t h i s  formula i n  order  

t h a t  t he  mob i l i t i e s ,  def ined below, have the  s tandard  l i m i t i n g  form 

f o r  small ion concent ra t ions .  W e  then de f ine  the  mob i l i t y  as the  

p r o p o r t i o n a l i t y  c o e f f i c i e n t  between the  c u r r e n t  d e n s i t i e s  and the  

l o c a l  e l e c t r i c  f i e l d ;  

This  formula i s  t h e  appropr i a t e  g e n e r a l i z a t i o n  of the  mob i l i t y  

concept t o  multicomponent, weakly ionized gas systems f o r  t h e  lowest  

order  i n  the r a t i o  of e l e c t r o n  t o  ion  masses. More genera l  

express ions  may be obtained f n  t h i s  mat ter  by the  ind ica t ed  

i t e r a t i o n  scheme. 

The k i n e t i c  theory  of gases  g ives  a r e l a t i o n s h i p  between the  
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multicomponent d i f f u s i o n  c o e f f i c i e n t s ,  and t h e  exper imenta l ly  

a c c e s s i b l e  b ina ry  d i f f u s i o n  c o e f f i c i e n t s ,  which, i n  the  f i r s t  

approximation of t h e  k i n e t i c  theory, i s  e x p l i c i t .  L e t  t he  matrix 

be def ined:  ( 3 )  

( 2 2 )  

where the  s c r i p t  a r e  t h e  b inary  d i f f u s i o n  c o e f f i c i e n t s  of 
i j  

component i i n  component j and v i c e  ve r sa .  These q u a n t i t i e s  a r e  

syminetric i n  t h e  i n d i c i e s .  Now the genera l ized  multicomponent 

q u a n t i t i e s  are given i n  terms of t he  inverse  t o  the  matrix; 

Therefore ,  t he  eva lua t ion  of these  two equat ions  and s u b s t i t u t i o n  

of t he  r e s u l t  i n t o  eq.  21 g ives  the m o b i l i t i e s  i n  t e r m s  of t he  

b ina ry  d i f f u s i o n  c o e f f i c i e n t s .  

L e t  us  consider  a simple, three-component system as an  

i l l u s t r a t i o n  of t he  above arguments. Suppose t h a t  t h e  system i s  

. weakly ion ized  and t h a t  w e  may neglec t  t h e  i n t e r a c t i o n  of t he  ion  

spec ie s  among themselves.  Thus we have a system of n e u t r a l ,  posit-ive 

and negat ive  charges moving under t h e  in f luence  of va r ious  e x t e r n a l  

fo rces  a t  a r a t e  determined by the ion -neu t r a l  i n t e r a c t i o n .  S ince  

t h e  b ina ry  d i f f u s i o n  c o e f f i c i e n t s  depend i n v e r s e l y  on the  i n t e r a c t i o n  



c r o s s  s e c t i o n s ;  zero  fo r  t he  la t ter  means t h a t  t he  cor respanding  

c o e f f i c i e n t  i s  i n f i n i t e .  We then  de f ine  the  fol lowing:  

p 23 = Q,, = 00 (no ion- ion  i n t e r a c t i o n )  

The mole f r a c t i o n s  of t h e  ions  are approximately; 

c 2  = n2/n1 and c3 = n3/nl 

and i t s  inverse  i s  e a s i l y  computed t o  be,; 



I f  w r i t t e n  t o  f i r s t  order i n  t h e  ion  d e n s i t i e s ,  t h i s  mat r ix  becomes; 

By eq. 21, t h e  m o b i l i t i e s  a r e ;  

and 

c o r r e c t  t o  f i r s t  order  i n  the  ion  d e n s i t i e s .  The leading  terms of 

t hese  two mob i l i t y  express ions  a r e  the  usua l  d e f i n i t i o n s  given i n  

terms of t h e  b ina ry  d i f f u s i o n  c o e f f i c i e n t s .  The a d d i t i o n a l  terms 

r e p r e s e n t  e f f e c t s  a r i s i n g  from non-zero space charge,  mass and 

geometry e f f e c t s .  I f  t h e  negat ive charge c a r r i e r s  are e l e c t r o n s ,  

t hen  the  m o b i l i t i e s  should be genera l ized  by t h e  i t e r a t i o n  scheme 

mentioned earlier t o  ensure t h a t  a l l  r e l e v a n t  o rde r s  of t he  e l e c t r o n  

t o  i o n  mass r a t i o  a r e  r e t a i n e d .  For the  s p e c i a l  case  t h a t  

e = *  $ =  k = 1 and 
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w e  f ind  t h a t  

1 2  and P 3  as n2 as would be expected. Note t h a t  t he  l i m i t s  of 

and n pass  t o  zero a r e  i n f i n i t e .  That i s ;  3 

and 

These two expressions r e p r e s e n t  back c u r r e n t s  flowing a g a i n s t  t h e  

proper d i r e c t i o n  i n  t h e  appl ied  f i e l d .  

d e n s i t y  g rad ien t s  as shown by the equat ion  of motion. I f  n i s  

This  i s  a r e s u l t  of t h e  ion  

1 
assumed constant ,  we have; 

and 

where t h e  e l e c t r i c  f i e l d  has been rep laced  by t h e  g rad ien t s  of the  
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, 

i o n  dens i t -5s .  The ex i s t ence  of t h e s e  l i m i t s  shows t h a t  t he  m o b i l i t i e s  

are  no t  uniquely def ined independent of t h e  so -ca l l ed  "non-conductive" 

p o r t i o n  of the  ion  c u r r e n t  d e n s i t i e s ,  except t o  ze ro  order  i n  t h e  ion  

concen t r a t ions .  

exper imenta l  t h a t  the  r a t i o  of mob i l i t y  t o  t h e  d i f f u s i o n  

c o e f f i c i e n t  i s  a func t ion  only of t h e  s t a t e  of the  gas i s  t r u e  only 

i n  r eg ions  of near zero  space charge. Then the  mob i l i t y  exis ts  and; 

Eqs. 28 and 29 a l s o  show t h a t  the  commonly employed 

i s  a v a l i d  expansion of t he  r a t i o  i n  t h e  ion  mole f r a c t i o n s .  

This  a n a l y s i s  g ives  a sys temat ic  c o r r e c t  procedure fo r  t h e  

expansion of t h e  genera l  c u r r e n t  d e n s i t i e s ,  eq. 20, i n  a double series 

of concen t r a t ion  r a t i o s  and the  r a t i o  of e l e c t r o n  t o  ion  masses. 

Such expansions are r equ i r ed  i n  order t o  s y s t e m a t i c a l l y  explore  t h e  

shape of t he  i o n  d e n s i t y  p r o f i l e s  near the e l e c t r o d e s  of a c losed  

conduct ing system. 



Space Charge E f f e c t s  i n  a Simple System 

An i n t e r e s t i n g  a spec t  of c u r r e n t  conduction i n  weakly ion ized  

systems i s  the modi f ica t ion  of t he  var ious  ion  d e n s i t i e s  from p o i n t  

t o  po in t  i n  t h e  volume between the e l e c t r o d e s  a r i s i n g  from a l o c a l  

space charge.  

theory  o f  thermionic devices ,  semiconductors, and magnetohydrodynamic 

systems, but not  o f t e n  i n  r a d i a t i o n  counter  design,  or i n  a n a l y s i s  of 

c e r t a i n  conduction experiments.  A s tudy of devices  i n  the  l as t  two 

c a t e g o r i e s  prompted the  cons ide ra t ions  of  t h i s  s e c t i o n .  

Such e f f e c t s  have been d e a l t  w i th  e x t e n s i v e l y  i n  the  

A c o r r e c t  a n a l y s i s  of t he  ion  d e n s i t i e s  near t he  e l e c t r o d e s  t o  

any g iven  o r d e r  i n  the  d e n s i t i e s  would be based upon t h e  a n a l y s i s  

of t he  previous paragraphs.  These p o l a r i z a t i o n  e f f e c t s  a l s o  are 

s t r o n g l y  inf luenced by any chemical r e a c t i o n s  among the  ions  tending  

t o  modify the n e t  f l u i d  conduct iv i ty .  I n  order  t o  concen t r a t e  on 

t h i s  f ea tu re  i n  a simple manner, i t  i s  f o r t u n a t e l y  possibde t o  

n e g l e c t  the  cons ide ra t ions  of the  prev ious  s e c t i o n ;  t h a t  i s  neg lec t  

a l l  g rad ien t s  i n  the  c u r r e n t  d e n s i t i e s ,  and assume cons tan t  m o b i l i t i e s ,  

and s t i l l  have a v i a b l e  problem. Such a crude assumption v i o l a t e s  

t he  equat ion  of mechanical equi l ibr ium,  eq. 6, which i s  p a r t i c u l a r l y  

important  near t h e  e l ec t rodes ,  bu t  neve r the l e s s ,  shea th  formation 

can s t i l l  be  r ep resen ted  i n  a semiquan t i t a t ive  way. 

L e t  us consider  a simple four component system c o n s i s t i n g  of 

n e u t r a l  molecules, s i n g l y  charged negat ive  and p o s i t i v e  ions ,  and 
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e l e c t r o n s .  Fur ther ,  t h e  gas w i l l  be considered "weakly ionized ' '  as 

descr ibed  ear l ie r .  Suppose, then, t h a t  i o n i z i n g  r a d i a t i o n  f a l l s  

uniformly on a gas system between p lane  p a r a l l e l  e l e c t r o d e s  of 

diameter B meters and spaced d meters  a p a r t .  The n e u t r a l  component 

weakly ion izes  i n t o  p o s i t i v e  ions and e l e c t r o n s .  The l a t t e r ,  i n  tu rn ,  

are deple ted  by attachment t o  n e u t r a l s ,  forming nega t ive  ions,  as 

w e l l  as be ing  discharged a t  t he  p o s i t i v e  e l e c t r o d e .  Under s teady  

s ta te  cond i t ions ,  and a c o r s t a n t  e x t e r n a l  vo l t age  source,  t he  ion  

popula t ions  are determined by two parameters  p r o p o r t i o n a l  t o  t h e  

r a t e  of i o n i z a t i o n  and the e l e c t r o n  at tachment  frequency. I f  t he  

ion- ion  and ion -e l ec t ron  b ina ry  d i f f u s i o n  c o e f f i c i e n t s  a r e  set  t o  

i n f i n i t y ,  t h e  a n a l y s i s  of t he  preceding s e c t i o n s  shows t h a t  t he  

m o b i l i t i e s  are p ropor t iona l  t o  the ion -neu t r a l  and e l e c t r o n - n e u t r a l  

b i n a r y  d i f f u s i o n  c o e f f i c i e n t s .  I n  MKS u n i t s ,  t he  p o s i t i v e  and negat ive  

i o n  m o b i l i t i e s  approximately the  same and c l o s e  t o  .1 m / s ec -vo l t  f o r  

most common gases  a t  room temperature.  The e l e c t r o n  mob i l i t y  under 

t h e  same cond i t ions  i s  approximately a thousand times l a r g e r .  

2 

Let/U 
be t h e  i o n  mob i l i t y  and e be the correspondent  e l e c t r o n  number. .cI r 
The r a t e  of i o n i z a t i o n  i n  number of i ons  produced per  cubic  meter 

and the  at tachment  per  second i s  N , t h e  appl ied  vol tage  

frequency i s  0 . Let n , n and n r e p r e s e n t  t he  ion  and 

e l e c t r o n  d e n s i t i e s .  Dimensionless d e n s i t i e s  f o r  each of t hese  

s p e c i e s  are e a s i l y  def ined;  

vo ' 
+ -  

e 



and 

1.8 

1 

; E i s  the  app l i ed  f i e l d  n + p  . 'Eo 

Nd 
0 

I 

(35) 

A dimensionless i o n i z a t i o n  r a t e  and an attachment frequency may be 

formed : 

2 2  A = ed N/Eo cop 

Typica l  values  fo r  t hese  two parameters a r e ,  

f o r  d = 10 , N = 10 

as given. L e t  z =  x/d be a dimensionless  length ,  then the  c o n t i n u i t y  

equat ions  and the  e l e c t r i c  f i e l d  equat ion  a r e ;  

A = 1.8,  and b' = .1 

5 
= 10 , and 3 = lo8 wi th  t h e  m o b i l i t i e s  

- 3  22 
Eo 



and 

7 +  - 7 -  - $ 7 @  - A &  1 = 
A dZ 

The boundary cond i t ions  on these  equat ions  are t h a t  t he  va r ious  

ion  d e n s i t i e s  vanish  a t  t h e  e l e c t r o d e s  of t h e  same s ign .  The sum 

of eqs .  40a and 40b, and eq. 40c permit  t r i v i a l  quadra ture .  With 

t h e  given boundary condi t ions ,  we f i n d  t h a t ;  

and 

7 + E  = 

which may be combined w i t h  the f i e l d  equat ion,  eq. 41 t o  produce t h e  

r e s u l t  a f t e r  d i f f e r e n t i a t i o n ;  

3 1 (%%') (43) 
-- 1 d 2  ( t E 2 )  = Y + 1' 

A dZ2 

Then m u l t i p l i c a t i o n  by 

eqs .  40a and eq. 43, fo l lowed,by  a s imple quadra ture ,  w e  a r r i v e  a t  

t h e  f i n a l  e l e c t r i c  f i e l d  equat ion;  

, d i f f e r e n t i a t i o n ,  and s u b s t i t u t i o n  from 
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where t h e  boundary condi t ion ,  

€E’= A @ Y C o  

(44 

(45) 

has been used t o  eva lua te  t h e  cons tan t  of i n t e g r a t i o n .  Eq. 45 and 

the a d d i t i o n a l  boundary cond i t ion  t h a t  t he  average e l e c t r i c  f i e l d  

be equal  t o  t h e  appl ied  f i e l d ,  

completes the  s p e c i f i c a t i o n  of the  s o l u t i o n s  t o  eq.  44. This  equat ion  

mus t  be handled numerical ly  i n  a l l  but  t he  s imples t  of systems, and 

has  been t r e a t e d  thus  i n  t h i s  paper .  Once the  e l e c t r i c  f i e l d  and i t s  

f i r s t  d e r i v a t i v e  has been found, t h e  i o n  d e n s i t i e s  fo l low from 

eqs .  42a, 42b, and 41. The r e s u l t s  of t he  Runga-Kutta numerical  

i n t e g r a t i o n  of eq.  44 a r e  shown i n  f i g s .  1-9. These p l o t s  r e p r e s e n t  

t h e  schematic c r o s s  s e c t i o n  of a c e l l  w i th  t h e  nega t ive  p l a t e ,  

viewed edgewise, a t  the l e f t  a long the  r e l a t i v e  magnitude s c a l e .  

The p o s i t i v e  e l ec t rode ,  s i m i l a r l y  viewed, i s  placed a t  1 on t h e  

d i s t a n c e  s c a l e  a long  the  absc i s sa .  Each f i g u r e  i n  t h i s  sequence shows 

the  s p a c i a l  d i s t r i b u t i o n  of the  th ree  charged spec ie s  and t h e  a c t u a l  

e l e c t r i c  f i e l d .  The h o r i z o n t a l  l i n e  a t  1 on the  v e r t i a l  axis r e p r e s e n t s  

t he  appl ied  f i e l d .  F igures  1 through 5 show the v a r i a t i o n  of t he  ion  
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d i s t r i b u t i o n s  and the  e l e c t r i c  f i e l d  fo r  f ixed  i o n i z a t i o n  r a t e  as a 

func t ion  of t he  e l e c t r o n  attachment parameter { , as i t  v a r i e s  from 

0 to 10 i n  s e v e r a l  s t e p s .  The ion shea th  r eg ions  near t h e  e l e c t r o d e s  

i n  these  f i g u r e s  may be i d e n t i f i e d  by the  p o s i t i v e  depar ture  of t h e  

ac tua l  e l e c t r i c  f i e l d  from t h e  applfed ( h o r i z o n t a l  l i n e )  f i e l d .  

The l a r g e  f r e e  e lec t ror i  populat ion t h a t  e x i s t s  f o r  small  va lues  of 

t h e  e l e c t r o n  attqchment c o e f f i c i e n t ,  des t roys  the  symmetry of the  

shea ths  i n  the  f i r s t  t h r e e  f igu res .  Here we see  a very  pronounced 

shea th  a t  t he  nega t ive  e l ec t rode  and none a t  t he  p o s i t i v e  one. The 

more symmetrical  p a t t e r n s  i n  & f o r  i n  excess  of 5 show shea th  

formation a t  both e l ec t rodes .  Figs .  6 and 7 show ion, e l e c t r o n  and 

f i e l d  d i s t r i b u t i o n s  a t  h a l f  t h e  dose r a t e  of i o n i z a t i o n  than  i n  t h e  

prev ious  s e r i e s .  A s  expected, the e l e c t r i c  f i e l d  shows l e s s  

d e v i a t i o n  from the  appl ied  valwe, and a v a r i a t i o n  of t he  e l e c t r o n  

at tachment  frequency between 1 and 50 shows a r e l a t i v e l y  minor 

adjustment  of the  c e n t e r  of charge d i s t r i b u t i o n .  On t h e  o the r  

hand, t he  series of f i g u r e s ,  2, 6, 8, and 9,  shows a pronounced 

development of shea ths  as the dose r a t e  i s  quadrupled. Even though 

t h e r e  i s  some ques t ion  about t h e  s t a b i l i t y  of t he  Runga-Kutta 

i n t e g r a t i o n  procedure i n  t h e  case of f i g .  9, q u a l i t a t i v e l y  we see 

t h a t  the  shea th  r eg ions  dominate the  volume, and t h a t  t h e  l o c a l  

e l e c t r i c  f i e l d  i s  n e a r l y  zero  a t  one po in t .  

i n  t h i s  r eg ion  of small f i e l d ,  and i f  ion-ion recombinat ion i s  

permi t ted ,  w i l l  apprec iab ly  a f f e c t  t h e  t o t a l  c u r r e n t  drawn, even 

The ions  are "trapped" 



though t h e  average ion  d e n s i t y  would be such as t o  neg lec t  t h i s  

mechanism. 

F ig .  10, based upon the  r e l a t i o n  between t h e  ion  c u r r e n t  

d e n s i t i e s  and the  e x t e r n a l  c u r r e n t  shown i n  Appendix A, g ives  the  

r a t i o  o f  the e l e c t r o n  t o  the  nega t ive  ion  c u r r e n t  fo r  t h i s  model as 

a func t ion  of the  e l e c t r o n  attachment frequency. A family of such 

curves e x i s t  fo r  each va lue  of the  i o n i z a t i o n  r a t e ,  A, and Eo/p. 

The uniqueness of t hese  func t ions  sugges ts  an experiment wherein t h e  

e l e c t r o n  attachment i s  measured as a func t ion  of t he  l a t t e r  two 

q u a n t i t i e s .  

t he  f r e e  e l e c t r o n  popula t ion  i n  a c e l l  and measurivg t h e  e x t e r n a l  

c u r r e n t  flow i n  a gas wi th  prominent e l e c t r o n  attachment such as 

oxygen. Hence poss ib l e  concen t r a t ion  e f f e c t s  i n  t h e  at tachment  

frequency of t h i s  or  a similar gas i n t e r p r e t e d  by t h e  prev ious  

s e c t i o n ' s  ana lys i s ,  may be sought f o r o  

This  may be accomplished by s imultaneously determining 

Conclusions 

This  paper has  considered s e v e r a l  complementary a s p e c t s  of 

c u r r e n t  conduction i n  weakly ionized,  multicomponent gases .  The 

f i r s t  of these  i s  t h e  sys temat ic  g e n e r a l i z a t i o n  of t he  ion  c u r r e n t  

d e n s i t i e s  under s teady  s t a t e  cond i t ions  i n  terms of t he  k i n e t i c  

theory  multicomponent d i f f u s i o n  c o e f f i c i e n t s ,  From t h i s  fol lows an 

expansion of t he  c u r r e n t  d e n s i t i e s  i n  e s s e n t i a l l y  t h e  ion  concen t r a t ions ,  
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and the  known b inary  d i f f u s i o n  c o e f f i c i e n t s ,  The usua l  d e f i n i t i o n  

of i on  mobi l i ty  a l s o  shows an  ion concen t r a t ion  dependence and a 

l a c k  of uniqueness near t he  system e l e c t r o d e s  i f  f i r s t  order  terms 

i n  the  ion  concent ra t ions  a r e  r e t a i n e d .  The of ter ,  quoted r e s u l t  

t h a t  t he  r a t i o  of t he  b inary  d i f f u s i o n  c o e f f i c i e n t  t o  the  i o n  mob i l i t y  

i s  a func t ion  only of temperature i s  shown t o  be v a l i d  only i n  r eg ions  

of  n e g l i g i b l e  space charge and then  i n  the  l i m i t  of zero ion  

concen t r a t ions .  (This r e s u l t  follows by g e n e r a l i z a t i o n  of t h e  two 

ionized  component example given i n  the  f i r s t  s e c t i o n . )  

The second s e c t i o n  of t h i s  paper dea ls  wi th  an  example of space 

charge e f f e c t s  i n  a simple,  chemically r e a c t i v e  system, Here the  

i o n  d e n s i t i e s  and the l o c a l  e l e c t r i c  f i e l d  were numerical ly  

c a l c u l a t e d  as a func t ion  of the  i o n i z a t i o n  i n t e n s i t y  and t h e  

e l e c t r o n  at tachment  frequency. The r e s u l t s  show shea th  formation 

a t  the  e l e c t r o d e s  under these  var ious  con-di t ions even though the  

a n a l y s i s  i s  q u a n t i t a t i v e l y  inaccura te  by the  cons ide ra t ions  of t h e  

f i r s t  s e c t i o n .  A p l o t  of the  r a t i o  of e l e c t r o n  t o  nega t ive  ion  

c u r r e n t  conducted i n  the  e x t e r n a l  c i r c u i t  as a func t ion  of t h e  

e l e c t r o n  attachment frequency provides  a p o s s i b l e  b a s i s  of 

de te rmina t ion  of t he  l a t t e r  under va r ious  i o n i z a t i o n  cond i t ions  and 

r a t i o  of Eo/p; t he  appl ied  e l e c t r i c  f i e l d  t o  the  p re s su re .  
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Appendix A 

A t  every po in t  i n  the  v e s s e l  between t h e  e l ec t rodes ,  t he  

e l e c t r i c  f i e l d  in f luenc ing  the  motion of t he  ions  i s  t h e  sum of 

t h e  appl ied and space charge f i e l d s .  I n  t h e  absence of magnetic 

f i e l d s ,  the space charge f i e l d  may be w r i t t e n  as the g rad ien t  of 

a p o t e n t i a l .  Therefore ,  

E 
-S 

and thus  Poisson ' s  equat ion  i s ;  

P'G 0 
-divgrad os = 

We assume t h e  boundary cond i t ions ;  

on the  e l e c t r o d e  s u r f a c e s .  

I n  a similar way, t h e  appl ied  f i e l d  i s  a l s o  the  g rad ien t  of a 

p o t e n t i a l  ; 

E = -grad V 
-0 

where now V i s  the  s o l u t i o n  t o  Laplace ' s  equat ion ,  

d i v  g r a d  V = 0 

I 

(A4  1 

(A5 1 
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w i t h  the  boundary condi t ions ,  

V = V p o s i t i v e  e l ec t rode ,  and V = 0 negat ive  e l e c t r o d e  
0 

(A6 1 

A cons ide ra t ion  of Maxwell's equat ions e s t a b l i s h e s  the r e l a t i o n  

between the  t o t a l  c u r r e n t  densi-ty i n  the  s y s t e m  and the  e x t e r n a l  

c u r r e n t .  The s c a l a r  product of  the f i r s t  Maxwell's equa t ion  wi th  E; 

and t h e  second wi th  €i; 

I H- c u r l  E = -Po(& 

when summed toge ther  may be wr i tcen;  

w i th  the  a i d  of the well-known vector  ident-Fty; 

-d iv  (E x E> = Eecur l  - E- c u r l  E 



On the  other hand, i f  S r e p r e s e n t s  t he  s u r f a c e  of t he  volume, t h e  

i n t e g r a l ,  @ x €l)-dg i s  the  f l u x  of power through the  su r face ,  

which, i n  the absence of e lec t romagnet ic  r a d i a t i o n ,  i s  j u s t  

where I i s  the  e x t e r n a l  c i r c u i t  c u r r e n t .  Af te r  dropping t h e  

- I V 0  J 

G 
magnetic f i e l d  term, the power expres s ion  above becomes; 

I f  we assume the  geometry of the  a c t i v e  volume is such t h a t  t h e  

non-electrode w a l l s  p a r a l l e l  the  appl ied  e l e c t r i c  f i e l d  l i n e s ,  then  

t h e  c r o s s  term i n  the  appl ied  and space charge f i e l d s  may be shown 

t o  van i sh  by meanyof  t h e  boundary cond i t ions  on 

eq. A 2  and conserva t ion  of charge,  we f ind  t h a t ;  

qs . Also, from 

Where aga in  the  su r face  i n t e g r a l  vanishes  by the boundary cond i t ions  

on $s . Thus we are l e f t  w i t h  the  f i n a l ,  simple formula; 
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For s teady ,  appl ied  p o t e n t i a l s ,  t h e  l a s t  term on the  r igh t -hand 

s i d e  vanishes .  I f  a c i r c u i t  has an  e x t e r n a l  load r e s i s t a n c e  R 

and a vol tage  source V '  ac ross  both r e s i s t o r  and c e l l ,  we f ind  

t h e  fol lowing i m p l i c i t  equa t ion  f o r  the  e x t e r n a l  c u r r e n t ;  

h, 

where E (I) means t h a t  t he  boundary condi t ion ,  A6 , must be 

rep laced  b y  

I p o s .  
e l ec t rode  

/ 
= V - 1 R  (A15) 



Footnotes  

We should make c l e a r  a t  the  o u t s e t  t h a t  w e  are n o t  cons ide r ing  t 
shea th  formation a t  w a l l s  and e l e c t r o d e s  of t h e  c e l l  i n  the  usua l  

plasma sense.  Our concern i s  wi th  the  macroscopic charge imbalance 

e s t a b l i s h e d  by the  c u r r e n t  flow f i e l d s  and the  boundary cond i t ions  

a t  the  e l ec t rodes .  A measure of t he  e f f e c t  of ion- ion  i n t e r a c t i o n s  

i n  modifying t h e  Coulomb p o t e n t i a l  i s  the  Debye length ,  Y 

where )c is  the  s p e c i f i c  induct ive  capac i ty  of t he  medium and n 

i s  an i o n  dens i ty .  I f  w e  are t o  ignore ion-ion i n t e r a c t i o n s ,  then  

e i t h e r  

i 

% >, d (weak i o n i z a t i o n )  

where d i s  some r e l e v a n t  dimension of the  c e l l ,  o r ;  

The new length,  If 
t h e  inf luence  of thermal a g i t a t i o n  by t h e  appl ied  f i e l d  a t  the 

e l e c t r o d e s .  For t h e  cond i t ions  considered i n  the  problem i n  t h i s  

paper,  the weak i o n i z a t i o n  approximation ho lds ;  f o r  

i s  a s c a l e  of t he  ion  g rad ien t  s e t  up a g a i n s t  
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6 - 3  n < 10 cm e -  

1 2  - 3  Ionized gases wi th  ion  d e n s i t i e s  of t h e  order  of 10 c m  s a t i s f y  

t h e  second i n e q u a l i t y  i f  the  other parameters are the  same as 

those  d iscussed  i n  t h e  paper .  

A cons tan t  e l e c t r o n i c  mobi l i ty  i s  a very  crude approximation. 

I n  p r a c t i c e ,  an  empi r i ca l  curve - f i t  of t he  e l e c t r o n  mob i l i t y  i n  

the  s p e c i f i c  gas s tud ied  i s  r equ i r ed  over the  d e s i r e d  range of E/p. 
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